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rs,p intensity of reflected wave in s and p polarization, page 14
β0 amplitude of Faraday cell azimuth modulation in radians, page 35
χp Fresnel coefficients or the complex Kerr effects for p-polarized incident
beam, page 11
χs Fresnel coefficients or the complex Kerr effects for s-polarized incident
beam, page 11
χt transverse complex Kerr effect, page 11
† Hermitian adjoint, page 17
∆n is change of index of refraction in saturated state, page 14
δ phase-plate phaseshift, page 35
ep/s Kerr ellipticity, page 12
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A matrix representation of analyzer, page 10
C tranformation matrix for lineary polarized light propagating through com-
pensator, page 10
Gab matrix representation of two polarizers with azimuths a and b, page 11
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Abstract This work is revolving around ellipsometry and its applications in
magneto-optics. Ellipsometry is particularly attractive for its suitability for in-
situ measurements and remarkable sensitivity to minute inter-facial effects, such
as the formation of sub-mono-layer of atoms or magneto-optical (MO) effect.
Special attention is given to ellipsometric setups with photo-elastic modulator
(PEM) that are favored for its high signal to noise ratio.
Common way of obtaining equations for analysis of spectroscopic data is a direct
derivation from Jones or Mueller matrices of the system for each configuration
separately. In spite of its various advantages general equation of ellipsometric
setup are not being used. For this reason general scalar equations for PEM
(photo-elastic modulator) based ellipsometric measurements are derived here
that allow easy calculation of each component’s imperfection influence on the
results as well as quick insight to all configurations possible. Along with general
equation a simplification to Jones Formalism that optimizes numerical calcula-
tion is proposed.
The spectral magneto-optical measurements of polar, longitudinal and transverse
Kerr effect are analyzed with photo-elastic and Faraday cell modulation.
Based on the general equation a nulling method for MOKE (magneto-optical
Kerr Effect) measurements is calculated and experimentally verified that offers
above average precision in desired region of measurement and reduces mov-
ing parts to a single branch of the measurement setup further improving noise
cancellation possibilities. The trade-off of the proposed method is slightly more
complicated nulling procedure.
Furthermore an automatic calibration of spectral MOKE measurement setup was
designed, programed and applied. For simulation and data analysis a Yeh for-
malism based program was developed with few applications presented here.
The need for fast and precise magneto-optic measurements has been steadily
growing since the discovery of the giant magneto resistive (GMR) effect in 1988
[BBF+88]. A new technology, called spintronics, has emerged [WAB+01]. In
spintronics, the logical information is carried by spins of electrons or nuclei in
addition to, or instead of, their charge. The first practical spintronic devices
have been GMR based read heads for magnetic hard drives, announced by IBM
in 1997. Another major technological breakthrough is anticipated to come from
nonvolatile magnetic random access memories (MRAMs) [Dax97].
Keywords Kerr effect, MOKE, ellipsometry, Faraday cell, azimuth modulation,
photo-elastic modulator calibration
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Scope of Thesis The aim of this thesis is an improvement of ellipsometric mea-
surements of magneto-optical Kerr effect in both theoretical and practical point
of view.
Part I introduces general equation for ellipsometric setups with photo-elastic
modulator (PEM). All possible measurement configurations are analyzed. A
novel method that promises above average precision in desired region of mea-
surement and enables further improvement of noise cancellation is presented.
In chapter 4 calibration method for PEM based magneto-optic Kerr effect (MOKE)
measurement setups is presented along with result of its practical application.
Chapter 5 shows few examples of spectral MOKE simulations using Yeh formal-
ism based program developed by the author of this work.
In the third part various modulation techniques for MOKE measurements are
compared. The most promising method is proposed for application based on
signal-to-noise-ratio analysis.
Fourth part summarizes the results of this thesis and outlines the future devel-
opment and aims.
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Part I.
General Equation
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Chapter 1.
Jones Formalism
In this work I will use Jones 2×2 formalism for Kerr effect analysis and Yeh
formalism according to [Yeh80] for more detailed sample analysis and modeling.
General non-matrix theories are cited from [ST95].
Propagation of electromagnetic wave through any optical component can be de-
scribed by transformation matrix of electromagnetic field vector. Each optical
device is being assigned Jones 2×2 matrix as follows [BW75][YY84]
A = P =
[
1 0
0 0
]
C(γ) =
[
1 0
0 e−iγ
]
(1.1)
M(ϕ) =
[
1 0
0 e−iϕ
]
(1.2)
where γ is the retardation angle of the compensator and ϕ = ϕ0 + ϕA sinωt
is the periodic retardation angle of the photo-elastic modulator (PEM) with the
modulation frequency ω, amplitude ϕA and DC signal ϕ0. P and A stand for
polarizer and analyzer. M is matrix of modulator, C is matrix of compensator.
The rotation of the components is described by the rotation matrix
Ra =
[
cos a sin a
− sin a cos a
]
, (1.3)
so that the analyzer rotated at the azimuth angle a
Aa = R−aARa =
[
cos2 a sin a cos a
sin a cos a sin2 a
]
. (1.4)
1.1. Symmetrical Simplification
Further simplification of the formalism can be achieved by splitting compensator
and modulator matrices into pair of simultaneous polarizers, where the second
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polarizer is shifted by pi2 in azimuth and introduces the modulation to the signal.
Mϕm =
[
cos2 m cosm sinm
cosm sinm sin2 m
]
+ e−iϕ
[
sin2 m − cosm sinm
− cosm sinm cos2 m
]
= Am + e−iϕAm+pi/2 (1.5)
Here m stands for azimuth angle of modulator. Having done this, the general
equation of the system can be derived using few simple mathematical operations:
PaSPb = (S · Gab)Gab (1.6)
Gab =
[
cos a cos b sin b cos a
sin a cos b sin b sin a
]
(1.7)
ARaGcmR−pP = cos(a− c) · cos(m− p)P (1.8)
where Gab is matrix representation of 2 polarizers with azimuth angles a and b.
This simplification as you can see in eq. 1.8 reduces matrices variety in the cal-
culation to polarizer only, which significantly speeds up numerical calculations.
1.2. Sample Representation
The Fresnel coefficients give the ratio of the reflected and transmitted electric
field amplitude to initial electric field for electromagnetic radiation incident on
a dielectric. In general, when a wave reaches a boundary between two different
dielectric constants, part of the wave is reflected and part is transmitted, with
the sum of the energies in these two waves equal to that of the original wave.
Since electromagnetic waves are transverse, there are separate coefficients in the
directions perpendicular to and parallel to the surface of the dielectric. The
coefficient for reflection of the "transverse electric field" (abbreviated "TE") is
denoted rss, while the coefficient for reflection of the "transverse magnetic field"
(abbreviated "TM") is denoted rpp .
The sample can be represented either using the mentioned Fresnel coefficients
or the complex Kerr effects for s-polarized (TE) incident beam (χs) and for p-
polarized (TM) incident beam (χp) and transverse complex Kerr effect χt:
S =
[
rss rps(MP, ML)
rsp(MP, ML) rpp(MT)
]
(1.9)
= rss
[
1 χs
−χpρ′ ρ′
]
(1.10)
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where MP,L,T stands for polar, longitudinal and transverse magnetization. Com-
plex Kerr effects are defined as
χs =
rps
rss
= θs + ies (1.11)
χp = − rsprpp = θp + iep (1.12)
χt = θt + iet = 2δψ csc 2ψ+ iδ∆, (1.13)
where θp/s is Kerr rotation and ep/s Kerr ellipticity in p and s polarization. The
transverse effect is defined as a small perturbation of ellipsometric angles ψ and
∆ with following approximations:
exp [i(∆+ δ∆)] ≈ exp[i∆] (1+ iδ∆) (1.14)
tan(ψ+ δψ) ≈ tanψ(1+ 2δψ csc 2ψ). (1.15)
With ρ = rpprss = tanψe
−i∆ we can write
ρ′ = ρ (1+ χt) = tanψ [C(∆) + iS(∆)] , (1.16)
where
C(∆) = cos∆ (1+ θt)− et sin∆ (1.17)
S(∆) = et cos∆+ sin∆ (1+ θt) . (1.18)
Sample representation with complex Kerr effect is better suited for general equa-
tion derivation as it exploits the symmetry of the three Kerr effects.
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Yeh Formalism
For Maxwell equations
∇×H = ε∂E
∂t
(2.1)
∇× E = −µ∂H
∂t
(2.2)
where E is time dependent electric field and H is time dependent magnetic field
with phase ωt − k.r (k ...wave vector, r...space vector, ω...frequency,t...time) we
can write
k× E = ωµH
k×H = −ωεE
and eliminating H
k× (k× E) +ω2εµE = 0 (2.3)
which can be rewritten in a matrix form
 εxx − N2y − N2z εxy εxzεyx εyy − N2z εyz + NyNz
εzx εzy + NyNz εzz − N2y
 exey
ez
 = 0 (2.4)
where εij are elements of permittivity tensor. ex, eyand ez are components of
electromagnetic field vector. Propagation vector is represented by its component
13
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parallel to the surface (Ny) and its component perpendicular to the surface (Nz)
according to fig. 2.1.
Yeh matrix formalism is very useful in the calculation of the reflectance and trans-
mittance of an anisotropic layered medium. There are four complex amplitudes
associated with the reflection and another four associated with the transmission.
These eight complex amplitudes can be expressed in terms of the matrix ele-
ments of the overall transfer matrix. Let is be the TE incident wave, rs the TE
reflected wave and ts the TE transmitted wave and ip,rp and tp the same for TM
configuration. Using transfer matrix M we can write

is
rs
ip
rp
 =M

ts
0
tp
0
 (2.5)
Fresnel coefficient can be expressed as follows. Coefficient rss is defined as a ratio
of amplitude of reflected wave in s polarization to amplitude of incident wave in
s polarization assuming ideally polarized incident wave (ip = 0)
is = tsM11 + tpM13
rs = tsM21 + tpM23 (2.6)
ip = tsM31 + tpM33
Eliminating ts by the third equation we can write
rss =
(
rs
is
)
ip=0
=
M33M21 −M23M31
M33M11 −M13M31 (2.7)
and analogically for all remaining coefficients.
Anisotropy induced by magnetic field is represented by Voigt parameter defined
as
Q =
2∆n
n
, (2.8)
where n is the index of refraction and ∆n is change of index of refraction in
saturated state. With different direction of magnetization the permittivity tensor
can be expressed as
14
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εpolar = ε
 1 −jQ 0jQ 1 0
0 0 1
 (2.9)
εlongitudinal = ε
 1 0 jQ0 1 0
−jQ 0 1
 (2.10)
εtransversal = ε
 1 0 00 1 −jQ
0 jQ 1
 (2.11)
Figure 2.1.: Directions of magnetization
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General Ellipsometric Equation
In this chapter general equation for ellipsometric measurements is derived for
purpose of determining each component’s imperfection influence on the results
as well as quick insight to all configurations possible. In the second part of
this chapter various nulling procedures are described. Nulling is a procedure
where by adjusting the component geometry, zero signal is obtained at the de-
tector. There are two main advantages of nulling. Firstly it reduces photonic
noise in measurement of the magneto-optic signal, secondly the signal detected
after introduction of magnetic field is then directly proportional to magneto-optic
effects.
3.1. PMSCA Measurement Setup
PMSCA = Polarizer-Modulator-Sample-Compensator-Analyzer
Figure 3.1.: PMSCA setup scheme
If we now make use of (1.8) and split the equation into modulated Γ and unmod-
ulated Γ0 part
Eout =
[
Γ0 + e−iϕΓ 0
0 0
]
Ein (3.1)
16
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Γ0 = (S · Gcm) cos(a− c) cos(p−m)
+ (S · Gc′m) sin(a− c) cos(p−m)e−iγ
Γ = (S · Gcm′) cos(a− c) sin(p−m)
+ (S · Gc′m′) sin(a− c) sin(p−m)e−iγ
where Ein is incident electric field and Eout is electric field at the detector.
Using Hermitian ad-joint † the intensity of the field can be calculated as
I = E†E = (Γ0 + e−iϕΓ)∗(Γ0 + e−iϕΓ)
= |Γ0|2 + |Γ|2 + 2 cos ϕ<{ΓΓ∗0 }+ 2 sin ϕ={ΓΓ∗0 } (3.2)
= |Γ0|2 + |Γ|2 + 2 cos ϕ<{Γ0Γ∗} − 2 sin ϕ={Γ0Γ∗}. (3.3)
Using Bessel functions expansion of sin(ϕ0 + ϕA sinωt) and cos(ϕ0 + ϕA sinωt)
sin(ϕ0 + ϕA sinωt) = J0(ϕA) sin ϕ0 + 2J1(ϕA) cos ϕ0 sinωt (3.4)
+2J2(ϕA) sin ϕ0 cos 2ωt+ ...
cos(ϕ0 + ϕA sinωt) = J0(ϕA) cos ϕ0 − 2J1(ϕA) sin ϕ0 sinωt (3.5)
+2J2(ϕA) cos ϕ0 cos 2ωt+ ...
we arrive at the general expressions for the first and the second harmonic of the
PMSCA ellipsometric setup:
Iω = −4J1(ϕA) (cos ϕ0={Γ0Γ∗}+ sin ϕ0<{Γ0Γ∗}) (3.6)
I2ω = 4J2(ϕA) (cos ϕ0<{Γ0Γ∗} − sin ϕ0={Γ0Γ∗}) (3.7)
For DC (direct current) signal we can write:
Idc = |Γ0|2 + |Γ|2 + 4J0(ϕA) (cos ϕ0<{Γ0Γ∗} − sin ϕ0={Γ0Γ∗}) (3.8)
According to equation (3.3) and (3.2) and assuming negligible residual birefrin-
gence:
Iω = 2={ΓΓ∗0 } = −2={Γ∗Γ0} (3.9)
I2ω = 2<{ΓΓ∗0 } = 2<{Γ∗Γ0} (3.10)
I0 = |Γ0|2 + |Γ|2 (3.11)
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To obtain equations for the first and the second harmonic signal intensity it is
sufficient to calculate ΓΓ∗0 .
ΓΓ∗0
1
2 |rss|2 sin2(p−m)
= (1−Ω0)
(
θs cos 2m− 12 sin 2m+ ies
)
−Ω0t2ψ
(
θp cos 2m− 12 sin2m+ iep
)
+(Ω1 − iΩ2) tanψ
(
1
2 sin 2m.(X1 + iX2) + cos
2 m.(C(∆) + iS(∆))
)
+(Ω1 + iΩ2) tanψ
(
1
2 sin2m.(X1 + iX2)− sin2 m.(C(∆)− iS(∆))
)
where
2Ω0 =2− 2c+ sin 2(a− c) sin 2c cosγ
2Ω1 = cos 2(a− c) sin 2c+ cos 2c sin 2(a− c) cosγ
2Ω2 = sin 2(a− c) sinγ
and
X1 = C(∆)(θp + θs) + S(∆)(es − ep)
X2 = S(∆)(θp + θs)− C(∆)(es − ep).
According to (3.9) and (3.10)
Iω
|rss|2 sin 2(p−m) = tanψ(Ω1S(∆)−Ω2C(∆)) (3.12)
−Ω0(es + tan2 ψep) + es
+ sin 2mΩ1 tanψX2
I2ω
|rss|2 sin 2(p−m) = [tanψ(Ω1C(∆) +Ω2S(∆)) (3.13)
−Ω0(θs + tan2 ψθp) + θs] cos 2m
+ sin 2mΩ1 tanψX1 + sin 2m[Ω0 cos−2ψ− 1]
If we substitute into equation 3.11:
I0
1
2 |rss|2
= Ω0 tan2 ψ+ (Ω1X1 +Ω2X2) tanψ+ 1−Ω0 (3.14)
18
Chapter 3. General Ellipsometric Equation
3.2. Nulling
Without magnetic field (C(∆) = cos∆, S(∆) = sin∆ ) we get for the zero of the
first harmonic (Iω = 0)
cot∆ =
Ω1
Ω2
= cot 2(a− c) sin 2c cscγ+ cos 2c cotγ (3.15)
and for the second harmonic zero (I2ω = 0)
tanψ = ±
√
α2 − 1+Ω−10 − α (3.16)
α = 12 cot 2m . (Ω1 cos∆+Ω2 sin∆)Ω
−1
0 . (3.17)
Here are some measurement configuration as proposed by [AB87]:
3.2.1. Fixed Compensator Configuration
Plugging c = (±)cpi/4 and γ = pi2 into 3.15 we obtain
cot∆ = (∓)c cot (2a(±)c2c) . (3.18)
Furthermore, using equality
cot−1(a− b) = cot−1 a+ cot−1[(a2 − ab+ 1)/b]
and noting that cos(γ− pi2 ) ≈ sinγ, as γ→ pi2 we can write
∆ = (±)∆(∓)c
(
2a(±)cpi2
)
, (3.19)
where (±)∆ corresponds to periodicity of cotangent.
Imprecision in calculation of ∆ can be approximated as
δ∆ = δa + δc + δγ + cos2(2a)δcδγ, (3.20)
where δc = pi2 − 2c and δγ = pi2 − γ. δγ contains imperfections of the quarter-wave
plate and varies with wavelength as γ = 2piλ |ne − n0|d. For example, effect of us-
ing 650 nm laser with a first order quarter wave plate made for 632.8 nm laser
(δγ = 0.04) is still negligible. Imprecision in calculation of ∆ angle is therefore
double the sum of the smallest adjustable azimuth step of compensator and of
19
Chapter 3. General Ellipsometric Equation
analyzer. Smallest adjustable step typically varies from 10 mrad in basic labora-
tory equipment to 1 mrad in commercial ellipsometres.
Note that the first harmonic signal is independent of modulator azimuth and
with the modulator azimuth fixed to ±pi4 , the second harmonic is independent of
∆.
General equations 3.12 and 3.13 collapse with this configuration to standard pair
of equations [PMY+04]
Iω = tanψ(sin 2a sin∆± cos 2a cos∆ sinγ)
I2ω = tanψ cos 2m(sin 2a cos∆∓ cos 2a sin∆ sinγ) (3.21)
+ 12 sin 2m
[
(1+ tan2 ψ)(cos 2a cosγ) + (1− tan2 ψ)
]
.
Plugging 3.15 into 3.21 we get
tanψ = (±)∆ 1tan 2m (±)ψ
1
sin 2m
(3.22)
=

∆ ψ
+ + ψ = −m+ pi/2
+ − ψ = −m
− + ψ = +m
− − ψ = +m− pi/2
where (±)ψ corresponds to two roots of the quadratic equation.
3.2.2. Fixed Analyzer Configuration
Similar results can be obtained for fixed analyzer and rotating compensator.
a = 0,±pi2 ; Iω = 0 ⇒ tan∆ = sec 2c
a = ±pi4 ; Iω = 0 ⇒ cot∆ = ± sec 2c∓ cos 2c
a = ±pi4 ; I2ω = 0 ⇒
tψ =
(±)a cos 2m sin∆ cos 2c(sin2 2c tan2 2c+ 1)
1(∓)a 12 sin 4c sin 2m
(3.23) −1(±)ψ
√
1− tan
2 2m
sin2 ∆
3(∓)a2 sin 4c+ 14 sin 24c
cos 22c(sin 22c tan 22c+ 1)2

20
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3.2.3. Fixed Modulator-Polarizer Configuration
For the simplest configuration without compensator and with polarizer at 45◦
and modulator at 0◦, the above equations collapse to
Ia=0 = |rss|2(1+ θs cos ϕ+ es sin ϕ) (3.24)
Ia=pi2 = |rpp|
2(1− θp cos ϕ+ ep sin ϕ) (3.25)
If we have modulator azimuth fixed to ±pi4 and polarizer azimuth to 0 we obtain
for the first and the second harmonic zeros
Iω ≈ Is = 0 : tan∆ = Ω2Ω1 (3.26)
I2ω ≈ Ic = 0 : cos2 ψ = Ω0, (3.27)
or in another words
cot∆ = cot 2b sin 2c cscγ+ cos 2c cotγ (3.28)
cos2 ψ = sin2b cos2c+ cos2b sin2c (3.29)
−1
2
sin 2b sin 2c cosγ,
where b = c− a. The above equations can be envisioned in complex Kerr effect
plane as closed loop or in ψ∆ plane as a contours of fixed compensator azimuth
and contours of fixed relative angle between compensator and analyzer (fig. 3.2).
With an ideal quarter wave plate (γ = pi2 )
cot∆ = cot 2b sin 2c (3.30)
cos2 ψ = sin2b cos2c+ cos2b sin2c. (3.31)
In the set-up with fixed compensator, linear relations between analyzer and po-
larizer azimuth and the ellipsometric angles were obtained. This is not the case
with the fixed polarizer setup. If we plot ψ against ∆, compensator azimuth cor-
responds to rotation about the origin at ∆ = pi2 ,ψ =
pi
4 and relative angle between
analyzer and compensator corresponds to the distance from the origin.
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(a) Fixed c contours
(b) Fixed b contours
Figure 3.2.: Nulling with fixed polarizer
3.2.4. Fixed Modulator, Analyzer and Compensator - Variable
Retardation Angle of Compensator
By fixing modulator at ±pi4 we can make the second harmonic independent on
∆, and with analyzer fixed at ±pi4 and compensator at ±pi8 we obtain
Iω = 0 : tan∆ =
√
2 sinγ
1+ cosγ
(3.32)
I2ω = 0 : tanψ =
(
1− 3 cosγ
1+ cosγ
)(±)c(±)a 12
(3.33)
which shows that ellipsometric angles ψ and ∆ can also be obtained by alter-
nating the retardation angle of compensator using for example Babinet-Soleil
compensator.
22
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The magneto-optic Kerr effect (MOKE) has been established as a powerful tool
for measuring, with high spatial resolution, all three magnetization components
of a magnetic material [FD90]. A polar MOKE configuration can detect the mag-
netization component perpendicular to the sample surface (out-plane), while the
longitudinal and transverse MOKE arrangements measure the two in-plane com-
ponents.
As already mentioned magneto-optical Kerr effect measurement is significantly
improved by adjusting setup to the null position. At the null position equations
for the first and the second harmonic signal reduce to
Iω
|rss|2 sin 2(p−m) = tanψ(Ω1(cos∆et + sin∆θt)−Ω2(cos∆θt − sin∆et))
−Ω0(es + tan2 ψep) + es + sin 2mΩ1 tanψX2
I2ω
|rss|2 sin 2(p−m) = [tanψ(Ω1(cos∆θt − sin∆et) +Ω2(cos∆et + sin∆θt))
−Ω0(θs + tan2 ψθp) + θs] cos 2m+ sin 2mΩ1 tanψX1.
Thanks to odd parity of sine, the mixed-Kerr-effects coefficients X can be elimi-
nated by zone averaging [PMS+06].
With compensator fixed at 45◦, modulator at 0◦ and polarizer at 45◦, taking an-
alyzer angle as positive and |rss|2 = 1, averaging over two zones with opposite
modulator azimuths reduces the above equations to
Iω =
1
2
es + et tanψ− 12ep tan
2 ψ (3.34)
I2ω =
1
2
θs + θt tanψ− 12θp tan
2 ψ, (3.35)
which shows that first harmonic Iω is proportional to Kerr ellipticity and second
harmonic I2ω is proportional to Kerr rotation at each polarization.
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4.1. Theory
There are various approaches to magneto-optical measurement setup calibration.
Calibration methods using oscilloscope, are fast but limited in precision and very
demanding on frequency stability. The method suitable for most applications is
based on Bessel function properties.
4.2. Rotating analyzer
For polarizer fixed at 45◦ , modulator at 0◦ and rotating analyzer we get
Eout =
1√
2
[
1 0
0 0
] [
cos a − sin a
sin a cos a
] [
1 0
0 e−iϕ
] [
1
1
]
.
The intensity at the detector can be calculated as
I =
1
2
(1− sin 2a cos ϕ) . (4.1)
Expanding cosine with 3.5
2I = 1− sin 2a
[J0(ϕA) cos ϕ0 − 2J1(ϕA) sin ϕ0 sinωt +2J2(ϕA) cos ϕ0 cos 2ωt]
The relation between AC (alternate current) and DC (direct current) components
can be obtained in the form:
I2ω
I0
=
−2J2(ϕA) sin 2a cos ϕ0
1− J0(ϕA) sin 2a cos ϕ0 · kcal (4.2)
Iω
I0
=
2J1(ϕA) sin 2a sin ϕ0
1− J0(ϕA) sin 2a cos ϕ0 · kcal,
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where kcal is calibration parameter.
Setting the PEM retardation angle to the first zero of the Bessel function of the
first kind (ϕA = 2.4048) we can write
I2ω
I0
= 2kcal · J2(ϕA) sin 2a cos ϕ0. (4.3)
To check for the linearity of the first harmonic, we write
tan ϕ0 =
Iω
I2ω
J2(ϕA)
J1(ϕA)
(4.4)
for the residual birefringence of the PEM. Typical residual birefringence of PEM is
around 0.03 rad.
With our PEM based setup, the kcal coefficient was found out to be 0.071deg
−1
with 650 nm laser. This result in the limits of measurement precision corresponds
to the theoretical value of ratio between absolute (DC) and effective (AC) voltage
(
√
2).
4.3. Rotating modulator
The Jones matrix of light incident on detector for analyzer fixed at 0 rad is in the
form
Eout =
1√
2
[
1 0
0 0
] [
cosm − sinm
sinm cosm
]
(4.5)[
1 0
0 e−iϕ
] [
cosm sinm
− sinm cosm
] [
1
1
]
The intensity on the detector can be found out to be
I =
1
2
(
1+
1
2
sin 4m[1+ cos ϕ]
)
. (4.6)
For small azimuths of modulator sinm→ m and we can write
2I = 1+ 2m(1+ cos ϕ) (4.7)
Using Bessel function expansion of cosine and J0(ϕA = 2.4048) = 0, the relation
between ac and dc components can be written as
I2ω
I0
= 4kJ2(ϕA)
m
1+ 2m
. (4.8)
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4.4. Application
4.4.1. Spectral calibration method
The zero of the first and the second harmonic corresponds to constant DC signal.
This condition can by satisfied by rotating analyzer with any arbitrary voltage
applied to PEM. If we plot the first and second harmonic signal and dc signal
against the voltage applied to PEM at this point, we obtain three constant func-
tions.
Figure 4.1.: Spectral calibration of PEM
Then the analyzer is rotated to an arbitrary azimuth (lets say 10 degrees from
constant position) and the dc signal over the spectrum of voltage applied to
PEM is recorded again. The same measurement is then repeated with opposite
relative azimuth of analyzer (−10◦) . The intersect of the three curves is then
interpolated. Retardation angle corresponding to voltage applied to PEM at the
intersect is 2.405 rad as follows from (4.2).
DC and the second harmonic voltage are then recorded while rotating analyzer
back to zero to obtain the calibration parameter k′ from the equation 4.8. Param-
eter k′should be constant over the whole spectrum and serves as a control of the
calibration stability.
To speed up the spectral measurement an approximate empiric formula for visi-
ble region was found
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UPEM (J1(2.405) = 0) ≈ 3.05× λ[µm]V, (4.9)
for voltage applied to PEM that corresponds to J1(2.405) = 0. For sufficient
precision of interpolation measurement for each wavelength is carried out in the
0.2 V interval centered at the approximate value as in figure 4.1 .
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Yeh formalism was used as a basis for MATLAB program for spectral modeling
of planar structures. Some of the results are presented here.
Cobalt/Gold sensor on BK7 glass prism using surface plasmon resonance was
optimized for maximum sensitivity to changes in transverse magnetic field. Sen-
sitivity of the sensor is defined here as
∆Rp
Rp
=
Rp,m+ − Rp,m−
Rp,0
, (5.1)
where Rp,m+ ans Rp,m+ are reflectances in p-polarized light with transverse mag-
netization in opposite directions and Rp,0 is reflectance in p-polarized light with-
out magnetization.
The simulated magnetic sensor has following parameters
BK7 prism, permittivity at 632.8nm ε ≈ 2.310
Cobalt, permittivity ε = −12.5040+ i 18.4639, Q = 0.03273+ i 0.01092
Gold, permittivity ε = −11.2376+ i 1.2834, Q = 0
Water, permittivity ε ≈ 1.775
where Q is Voigt parameter as defined in (2.8). Ideal dimensions of alternating
cobalt and gold layers for highest sensitivity were calculated. Simulations sug-
gest that the highest sensitivity can be achieved with 2.7 nm iron layer. Cobalt
is usually preferred for its better stability. Because cover layer with thickness
around 1 nm can be difficult to manufacture, an alternative sensor with multiple
layers of 2.7 nm thickness is shown.
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Figure 5.1.: Model of magneto-optical sensor with cobalt and iron magnetic
layers
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Phase Modulation Method
Signal to noise ratio (SNR) is direct measure of modulation method quality. Pos-
sible modulation techniques can be therefore compared by comparing their SNR.
Photonic noise is calculated here as it is the only irreducible part of noise intro-
duced to measurement.
With modulator fixed at 45◦ relative to polarizer, the Jones matrix equation of the
system becomes:
E =
[
cos2 a sin a cos a
sin a cos a sin2 a
] [
rss rsp
rps rpp
]
[
ei
ϕ
2 0
0 e−i
ϕ
2
] [
cos p
sin p
]
=
[
cos 2a(rssei
ϕ
2 cos p+ rspe−i
ϕ
2 sin p)
sin2 a(rpsei
ϕ
2 cos p+ rppe−i
ϕ
2 sin p)
]
(6.1)
From electric field we can calculate intensity of p-polarized light
2Ip,a=pi2 = E
†E = |rps|2 cos2 p+ |rpp|2 sin2 p+ (rpsr∗ppeiϕ + r∗psrppe−iϕ) sin p cos p
2Ip ≈ |rpp|2
[
(θ2p + e
2
p) cos
2 p+ sin2 p+<
{
rps
rpp
eiϕ
}
sin 2p
]
≈ |rpp|2
[
sin2 p− θp sin 2p cos ϕ+ ep sin 2p sin ϕ
]
Signal-to-noise ratio is defined the ratio of the part of intensity that carries the
measured signal (in this case first harmonic signal Iωand second harmonic signal
I2ω) to square root of the remaining part of the intensity (I0).
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Iω√
I0
≈ |rpp|Iin sin 2psin p 4J1(ϕA)ep ≈ ep cos p
I2ω√
I0
≈ −|rpp|Iin sin 2p√
sin2 p− θp sin 2p
4J2(ϕA)θp ≈ −0.863θp cos p (6.2)
a...analyzer azimuth
p...polarizer azimuth (set to 45◦ by default)
ϕ...retardation introduced by PEM
rps
rpp = −χp = −θp − iep ...complex Kerr effect in p-polarized light
ϕ = ϕ0 + ϕA sinωτ ...phase retardation introduced by PEM
ϕ0...residual birefringence (ideally zero)
ϕA...amplitude of modulation (set to 2.405 rad by calibration)
Iin...intensity of incident light
Ip...intensity of p-polarized light
J1(ϕA)...value of Bessel function of the first kind at ϕA
θp...Kerr rotation in p-polarized light
ep...Kerr ellipticity in p-polarized light
Detecting second harmonic signal we get following results
Figure 6.1.: Spectral measurement of Kerr rotation in transverse magnetization
with phase modulation
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Alternate current applied to a coil with glass core generates magnetic field that
periodically changes polarization of propagating light due to Faraday effect (fig.
7.1).
Figure 7.1.: Faraday effect, d is length of the coil core in meters, B is magnetic flux
density in the direction of propagation in Teslas, β is Faraday rotation
in radians, V is Verdet constant of material. Angle of rotation of the
polarization β = BVd.
Using Faraday Cells as Modulator and Nullator the Jones matrix equation of the
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setup becomes:
E =
[
cos2 a sin a cos a
sin a cos a sin2 a
] [
rss rsp
rps rpp
] [
ei
δ
2 0
0 e−i δ2
]
[
cos(η + β0 sinωt) − sin(η + β0 sinωt)
sin(η + β0 sinωt) cos(η + β0 sinωt)
] [
cos p
sin p
]
=
[
cos 2a(rssei
δ
2 cosΩ+ rspe−i
δ
2 sinΩ)
sin2 a(rpsei
δ
2 cosΩ+ rppe−i
δ
2 sinΩ)
]
(7.1)
From electric field we can calculate intensity of p-polarized light
2Ip = E†E = |rps|2 cos2Ω+ |rpp|2 sin2Ω+ (rpsr∗ppeiδ + r∗psrppe−iδ) sinΩ cosΩ
2Ip ≈ |rpp|2
[
|rps|2
|rpp|2 cos
2Ω+ sin2Ω+ Re
{
rps
rpp
eiδ
}
2 sinΩ cosΩ
]
≈ |rpp|2
[
(θ2p + e
2
p) cos
2Ω+ sin2Ω− θp cos δ sin 2Ω+ ep sin δ sin 2Ω
]
Signal-to-noise ratio is defined the ratio of the part of intensity that carries the
measured signal (in this case first harmonic signal Iω) to square root of the re-
maining part of the intensity (I0).
Iω√
I
≈ Iin|rpp|
θp sin 2β0√
sin p− θp sin 2p+ θ2p cos2 p
≈ [p→ 0] ≈ sin 2β0 (7.2)
a...azimuth of analyzer (a=pi2 for p-polarized light, a=0 for s-polarized light)
δ...phase-plate or compensator phase shift
η...azimuth of compensating Faraday cell
ω...modulation frequency of Faraday cell
β0...amplitude of Faraday cell azimuth modulation (approx. 3◦)
p...polarizer azimuth (p=0 for p-polarized light detection, p=−pi2 for s-polarized
light)
Ω = p+ η + β0 sinωt
SNR ratio of compared methods is
SNRphase
SNRazimuth
=
0.863θp cos p
sin 2β0
≈ 6θp (7.3)
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taking polarizer azimuth in PMSA setup p = 45◦ and amplitude of Faraday cell
modulation in PMCSA setup β0 = 3◦. Having shown that amplitude modulation
technique SNR is virtually independent of measured Kerr effect we can conclude
that it is more suitable for measurement of Kerr effects that are usually in the
range of miliradians.
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Amplitude modulation technique uses an instrument called chopper that peri-
odically inhibits incident light. This was an early modulation technique that was
later surpassed by photo-elastic modulation that offers orders of magnitude bet-
ter signal to noise ratio. On the plus side, chopper unlike PEM does not require
any kind of calibration.
Comparison of phase and amplitude modulation stability (8.1)
Figure 8.1.: Optical spectra measured using phase modulation and amplitude
modulation
The apparent difference between optical signal detected with phase modulation
and with amplitude modulation shows the mentioned need for photo-elastic
modulator calibration. In this measurement the PEM is not calibrated and there-
fore introduces slightly different retardation to each wavelength deforming the
measured function.
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8.1. Conclusions
General equations of ellipsometric measurement that allow quick insight into
each Kerr effect measurement setup advantages and limitations are introduced
here. Using these equations an alternative nulling procedure for Kerr Effect mea-
surement was calculated and tested successfully.
Irreducible noise calculations for various approaches to MOKE measurement
were carried out. Based on these calculations, two methods were picked for
application. Method with photo-elastic modulation and Faraday compensation
cell and with both modulation and compensation Faraday cells. Second method
promises better signal to noise ratio. The only drawback is bigger demand for
ambient light and mechanical vibration cancellation.
Yeh formalism based program for spectral magnetic anisotropic planar structures
modeling was developed and applied for various magnetic detector designs.
8.2. Further Development
Figure 8.2.: Kerr effect measurement setup with Faraday compensation cell and
photo-elastic modulation
Spectral magneto optical measurement setup with phase modulation and
Faraday compensation cell for VŠB-TUO Both phase and azimuth modu-
lation techniques with Faraday compensation cell are being applied in spectral
magneto-optical measurement setup currently developed at VŠB-TUO. The setup
was already successfully tested with phase modulation and direct data acquisi-
tion. First tests of azimuth modulation cell were carried out that conformed
the anticipated issue of cell overheating at desirable modulation frequencies and
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currents generating the intended 3◦ amplitude of modulation. New Faraday
modulation cell is being designed that should overcome this problem.
The author of this work suggest that Faraday compensation cell is introduced to
the setup. With this approach, the signal is measured indirectly as the current
through compensation cell that is controlled by feedback from nulled detector.
The topic has been chosen for PhD. thesis that should further develop ideas
presented in this work:
SNOM based MOKE measurement setup at ICMAB, Barcelona SNOM (Scan-
ning near-field optical microscopy) uses a sharpened optical fiber tip as a sub-
wavelength light source or detector to probe the optical field distribution in the
vicinity to the sample surface. In the case of magneto-optical measurements
with SNOM, the polarization state of the signal should be analyzed to achieve
magneto-optical contrast. This technique has the advantage of providing a si-
multaneous measurement of the sample’s topography that can prove invaluable
in eliminating topographic artifacts from the magneto-optical data.
Illumination is provided by a laser in both transmission and reflection modes.
Polarization of the illuminating light is controlled using a half-wave plate. Light
transmitted through or reflected from the sample is collected by a sharpened op-
tical fiber probe and, after decoupling, sent through a polarizer onto the detector.
For polarization measurements, uncoated chemically etched fiber tips are used
in order to avoid the depolarization effects associated with metal-coated SNOM
tips.
Although spatial resolution provided with uncoated fiber tips is less than that
achievable with metal coated tips, the advantages of polarization measurements
are much more significant for magneto-optical studies. Uncoated SNOM fiber
tips have larger optical acceptance area than the metal coated tips, however they
still provide sub-wavelength resolution since they probe the evanescent fields
present in the near-field region close to the surface. In addition, polarization
analysis combined with SNOM measurements greatly improves the contrast and
resolution obtained with uncoated fiber tips.
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